A theoretical approach based on the geometrical theory of diffraction is used to study the electromagnetic radiation from a narrow slot in a dielectric-covered perfectly-conducting surface terminated at an edge. The total far-zone field is composed of a geometrical optics field and a diffracted field.
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Abstract
A theoretical approach based on the geometrical theory of diffraction is used to study the electromagnetic radiation from a narrow slot in a dielectric-covered perfectly-conducting surface terminated at an edge. The total far-zone field is composed of a geometrical optics field and a diffracted field. The geometrical optics field is the direct radiation from the slot to the field point. The slot also generates surface waves which are incident at the termination of the dielectric cover, where singly-diffracted rays and reflected surface waves are excited. The diffraction and reflection coefficients are obtained from the canonical problem of the diffraction of a surface wave by a right-angle wedge where the dielectric-covered surface is approximated by an impedance surface. This approximation is satisfactory for a very thin cover; however, the radiation from its vertical and faces cannot be neglected in treating the thicker dielectric cover. This is taken into account by using a Kirchhoff-type approximation, which contributes a second term to the diffraction coefficient previously obtained. The contributions from the geometrical optics field, the singly-diffracted rays and all significant multiply-diffracted rays are summed to give the total radiation. Calculated and measured patterns are found to be in good agreement 
INTRODUCTION
The purpose of this study is to examine the effectiveness of the geometrical theory of diffraction (GTD) in calculating the radiation from slots in perfectly-conducting surfaces which are partially covered with dielectric. Configurations of this type are of interest in the design of antenna systems for spacecraft. We consider the radiation from a narrow slot in a dielectric-covered perfectlyconducting surface terminated at an edge as shown in Fig. 1 . This is one of the most elementary structures involving dielectric-covered slots; furthermore, measured patterns are available to check the GTD analysis [l] .
A theoretical approach to the problem based on the geometrical theory of diffraction [2] is described. The effect of the truncation of the dielectric cover has been ignored in previous analysis, yet this yields the diffracted ray which plays a dominant role in determining the radiation pattern. The total far-zone field is composed of a geometrical optics field and a diffracted field. The geometrical optics field is the direct radiation from the slot to the field point P; it vanishes in the shadow region below the plane containing the surface AB. The slot also excites surface waves which are incident at the termination of the dielectric cover at A and B. The terminations yield singly-diffracted rays and reflected surface waves. For simplicity the thickness t of the dielectric cover is restricted so that only the dominant TMo surface wave mode is excited. The contributions from the geometrical optics ray, the singly-diffracted rays and all significant multiply-diffracted rays are summed to give the field at P.
The geometrical optics field and th? field of the incident surface wave are obtained from the solution to the problem of a narrow slot radiating through a dielectric-covered ground plane of infinite extent. The diffraction coefficient and reflection coefficient for the surface wave incident on the edge A (or B) are determined in the following way. The surface impedance of the grounded, dielectric cover (1) 2,.ŵ here k Q and Z 0 are the wave number and characteristic impedance of free space, and k^, which is found from the>solution of a transcendental equation, is the wave number of the surface wave in the direction normal to the dielectric-covered surface (k n is imaginary for a lossless dielectric cover). Next, consider a right-angle wedge, one of whose faces is perfectly-conducting, the other with surface impedance Z s . The canonical problem of the diffraction of a surface wave by this rightangle wedge [3] is used to find diffraction and reflection coefficients, which are adequate for sufficiently thin dielectric covers. However, as the thickness of the -cover increases, the radiation from the vertical end face AA 1 (or BB 1 ) of the dielectric cover cannot be neglected. This is taken into account using a Kirchhoff-type approximation, where the total electric field within the dielectric cover at its end face radiates in the presence of a right-angle wedge. This contributes a second term to the diffraction coefficient previously obtained.
The calculated and measured patterns compare well, which justifies the use of the geometrical theory of diffraction in this type of problem together with the approximations which have been used to find the diffraction coefficient. The patterns are very sensitive functions of the parameters, such as the thickness of the dielectric cover and the frequency. When the dielectric cover is lossy, the contributions from the diffracted rays decrease as the loss tangent of the dielectric cover increases. This is due to the fact that the surface wave is attenuated as it is incident at the termination of the dielectric cover. The ripples in the patterns in the illuminated region diminish and the level of radiation in'the'shadow region is reduced.
II. METHOD OF ANALYSIS
According to the geometrical theory of diffraction, the total far-zone field is composed of a geometrical optics field and a diffracted field. In the problem of a narrow slot in a dielectriccovered perfectly-conducting surface terminated at an edge (see Fig. 1 ), the geometrical optics field is the direct radiation from the slot to the field point; it vanishes in the shadow region. The singly-diffracted field is the field diffracted by the termination of the dielectric cover at A (or B). The termination of the ground plane at C (or D) yields a doubly-diffracted ray. In this chapter, the contribution from each ray will be described in detail.
A. The Geometrical Optics Field and the Field of the Surface Wave Consider a magnetic line source on an infinite, perfectlyconducting ground plane covered by a dielectric slab of uniform thickness as shown in Fig. 2 .
'ff ff rf S r fS S fr ' f S f S f s S f f r MAGNETIC LINE SOURCE This configuration simulates the behavior of a narrow slot radiating through a dielectric cover. It is known that the line source excites a surface wave which propagates along the dielectric slab. It is a straightforward exercise to show that the geometrical optics field H 0 and the field of the surface wave due to a magnetic line source of unit strength are _ a)e_e._ COS (2) H 0 = -cos cos ct + j/e -sin z esin 0 u e e or ,,,
where e r = (e'-je")/e 0 , the relative dielectric constant of the cover k 0 is the free space wave number, k =
The value of 5,, is determined from the transcendental equation w
In the case where the dielectric slab is lossy, e and k are complex, and the root of Eq. (6) is complex. A method for calculating the complex root of a transcendental equation is described in Appendix 2. It is seen from Eqs. (4) and (5) that the important parameters of the surface wave g and x are complex, so that the surface wave attenuates as it propagates.
/ Throughout this report a time dependence of eJ ut is assumed and suppressed.
B. The Field of the Diffracted Rays
As noted in the preceding section, the slot excites a surface wave which propagates along the dielectric cover (slab). This surface wave is diffracted and reflected at the corners A, B shown in Fig. 1 , so we seek the diffraction and reflection coefficients from the canonical problem of -the surface wave incident on a dielectriccovered perfectly-conducting right-angle bend as shown in Fig. 3a .
Since an exact solution to this problem is not available, we will replace it by an approximate canonical problem, which will be solved in two stages.
In the approximate canonical problem, shown in Fig. 3b , the dielectric slab is replaced by the impedance surface described by Eq. (1), with k given by Eq. (5) . If this impedance boundary is positioned at tne top surface of the cover, the field of the surface wave external to the cover is unaffected; however, it is apparent that the field within the cover is neglected. Thus one would expect the approximation to be good only when the ratio K of the power in the surface wave field external to the cover to the power within the cover is large. It can be shown that e k cos 2 k t
It is seen that as t decreases, the ratio increases; and so the approximate canonical problem of Fig. 3b is useful only for thin dielectric slabs. The behavior of K as a function of the thickness t of the slab is shown in Fig. 4 , for e r = 2.56.
Chu et al [3] have solved the problem shown in Fig. 3b ; they give expressions for tne far-zone diffracted magnetic field and the field of the surface wave reflected at the edge. Their diffracted field is where 3 is given by Eq. (4), si is the distance along the impedance surface measured from the edge, and the reflection coefficient of the surface wave is
In treating the radiation from thicker dielectric covers, where the field within the cover cannot be ignored, it is apparent that the above approximation is inadequate. In particular, we note that there is a significant contribution from the internal field in the form of radiation from the vertical end faces of the slab at A-A' and B-B 1 in Fig. 1 .
This radiation from the vertical end faces of the dielectric cover is taken into account by using a Kirchhoff-type approximation, where the total electric Yield within the dielectric cover at its end face radiates in the presence of a right-angle wedge. Here again the dielectric cover is approximated by an impedance surface. The equivalent source of this radiation is the magnetic surface current where D 12 is the diffraction coefficient associated with the diffracted field H 12 . From Appendix 1,
This diffracted field contributes a second term to the diffracted field H n previously obtained. Thus the total field diffracted from a wedge with a dielectric cover on one surface can be approximated as (21) H^s
where it is more appropriate to replace e by QI here. With the inclusion of the Hi 2 term, the surface impedance approximation can be used to treat the radiation from dielectric covers of increased thickness, as will be demonstrated in the next section.
The field diffracted from the termination of the dielectric cover is in turn incident on the edge of the ground plane at a distance h directly below it. This gives rise to Here D n (e 2 ,0) is the hard scalar diffraction coefficient given in Reference 6. The factor of h must be introduced at grazing incidence (e 2 ' = 0) on the edge. This contribution from the lower edges of the ground plane has little effect on the pattern in the illuminated region, which is dominated by the field directly radiated from the slot plus the singly-diffracted contributions from the terminations of the dielectric cover. On the other hand, this contribution appears as a significant ripple in the pattern of the shadow region below the dielectric-covered ground plane. Thus, with reference to Fig. 1 , the total field for y >0 . fl + H 2C + H 2D , x < 0 in which the first subscript 0,1,2 denotes whether the field is incident, singly-diffracted or doubly-diffracted and the second subscript indicates the edge from which the diffracted ray originates. The expression for H when y < 0 is similar.
be determined so that the transition to the case of the ground plane without a cover can be made. But this must await further work. The pattern calculation shown in Fig. 7 is based on a separate solution where the surface wave emanating from the slot is replaced by a space wave propagating along the surface of the ground plane, and the diffraction coefficients for the hard boundary are employed at edges A and B.
• The calculated andmeasured patterns for a slot in the ground plane without a'dielectric cover are shown in Fig. 7 . As explained at the'end of section II, a separate calculation via the geometrical theory of diffraction is required in this case. Typical calculated and measured* patterns for the dielectric-covered slot are shown in Figs. 8, 9 and 10; in these figures t c is the thickest dielectric cover in which only the dominant TM 0 surface wave mode can propagate. In the illuminated region, the position and level of the lobes of the two patterns are seen to compare in detail, and overall the comparison of the two patterns is good. In Fig. 8 , where the dielectric cover is relatively thin, the end face radiation contribution H 12 (ei) of Eq. (21) is unimportant and could be neglected. However, for the thicker dielectric covers of Figs. 9 and 10, this contribution is significant. The importance of Hi 2 is illustrated in Fig. 11 , where patterns calculated with and without this contribution are shown in the illuminated region. It is seen that this contribution is required to bring the calculated pattern into agreement with the measured pattern. In this case the slot is positioned in the center of the ground plane, so the symmetry of the measured pattern with respect to 90° is an indication of its accuracy.
The patterns are very sensitive functions of the parameters, such as the thickness of the dielectric cover and the frequency. This is shown in Fig. 12 , where it is seen that a frequency change of less than two percent causes a substantial change in pattern detail. This sensitivity to slight changes in the parameters could in part account for the differences noted between the calculated and measured patterns.
The presence of a dielectric cover on the ground plane substantially increases the pattern level in the shadow region when the dielectric is lossless. As the loss tangent, tan 6, of the dielectric increases, so does the attenuation of the surface wave incident on the termination of .the dielectric cover. This in turn weakens the contributions of the singly-and doubly-diffracted fields. As a result, the ripples in the patterns in the illuminated region diminish, and the level of radiation in the shadow region is reduced, as shown in the calculated patterns of Figs. 13 and 14. In Fig. 14, when tan 6 = 0.2, the diffracted field components have been so reduced, the pattern is essentially that of the directly-incident (geometrical optics) field.
IV. CONCLUSIONS
The calculated and measured patterns compare well, which justifies the use of the geometrical theory of diffraction in this type of problem together with the approximations which have been used to find the diffraction coefficient. In particular, the' method employed to extend the approximation of the impedance boundary in treating edge diffraction appears to be useful. The patterns of the slot in the dielectric covered ground plane are very sensitive functions of the parameters, such as the thickness of the dielectric cover and the frequency. The presence of the cover substantially increases the pattern level in the shadow region when the dielectric is lossless. As the loss tangent increases, the ripples in the patterns in the illuminated region diminish and the level of radiation in the shadow region is reduced. X is equal to -j k 0 Z S /Z 0 , where Z s is the surface impedance given by Eq. (1), and in problem of interest here, Z § is such that RpX > 0. Our treatment of this problem closely parallels that of Karp [7] , except for the manner in which the unknown constant A, which will be encountered later, is found.
Let us make a transformation ay ay
Numerically it is very difficult to obtain GI and c 2 . This difficulty can be avoided if we choose a suitable function [7] , H(x,y), which has the same singular property as H^ (k 0 p) and is a "homogeneous solution for V. where A is a constant to be determined.
That G satisfies the wave equation can be shown from the fact that
Integrating by parts twice in the above integral ,
= -e -iu(x-x') 6(y-y') = 6(x-x') 6(y-y') where u(x-x') is a unit step function.
In the far zone, we observe that G Q , N, G and Y have the asymptotic form .
-
x',y') Sp and (A-23d) V «-u(6;x',y') .
-/a
Since the far-zone field is of interest, only those terms which are ofO(l//p) are retained, the operator 3/9x can be approximated by -j k cos' e; thus we obtain 
APPENDIX II ON CALCULATING THE COMPLEX ROOT OF A TRANSCENDENTAL EQUATION
The problem of finding the complex roots of a transcendental equation is usually reduced to the problem of finding the roots of two simultaneous nonlinear equations. The two nonlinear equations occur because the real and imaginary part of a complex function must also equal zero when the complex function f(z) =0.
The method of finding the roots of simultaneous, nonlinear equations has been discussed in many books; but sometimes it is tedious to reduce a complex function to two real nonlinear functions. In this appendix we point out that Newton's method for the real roots of a real function can be extended to find the complex roots of a complex function.
Suppose that we seek a solution Z 0 of a function f(Z,e) such that
where e is a complex) parameter.
Using Taylor's expansion,
where Z Q1 is an initial estimate of the root, which is assumed to be close to Z . For example, Z 01 could be found by solving a related problem exactly. 
